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Abstract. We study the dispersive properties of the wave equation associated with the 
shifted Laplace-Beltrami operator on real hyperbolic spaces and deduce new Strichartz 
estimates for a large family of admissible pairs. As an application, we obtain local 
well-posedness results for the nonlinear wave equation. 



1. Introduction 

The aim of this paper is to study the dispersive properties of the linear wave equation 
on real hyperbolic spaces and their application to nonlinear Cauchy problems. 
This theory is well established for the wave equation on K n : 

{d^u(t, x) — A x u(t, x) = F(t, x) , 
u(0,x)=f{x), 
d t \ t=0 u(t,x) = g(x) , 

for which the following Strichartz estimates hold : 

(2) |H| LP(/;L9 ) + IMI £,<»(/; + \\9tu\\ Loa ^.^ a -i^< ||/||#a+ IMIij CT -i + II-^IIlp'c/;^ 5 - 1 ) 

on any (possibly unbounded) interval /CI, under the assumptions that 



a 



n+l (1 1\ ~ _ n+1 (I 1\ 
U «/' " 2 V2 q) 



2 

ately the couples (p. 

conditions 



and separately the couples (p,q),(p,q) € (2, oo] x [2,2 2—) satisfy the admissibility 



2 1 n—1 n—1 2 1 n—1 n—1 

q ~ 2 ' p~*~ q ~ 2 

n-1' 



The estimate fl5]) holds also at the endpoint (2, 2 2=1) when n > 4. When n = 3 this 
endpoint is (2, 00) and the estimate ([2]) fails in this case without additional assumptions 
(see [13] and [25] for more details). 

These estimates yield existence results for the nonlinear wave equation in the Eu- 
clidean setting. The problem of finding minimal regularity on initial data ensuring local 
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well-posedness for semilinear wave equation was addressed for higher dimensions and 
nonlinearities in [21] , and then almost completely answered in [2H H2J ESI E] • 

Once the Euclidean case was more or less settled, several attemps have been made in 
order to establish Strichartz estimates for dispersive equations in other settings. Here we 
consider real hyperbolic spaces HP, which are the most simple examples of noncompact 
Riemannian manifolds with negative curvature. For geometric reasons, we expect better 
dispersive properties hence stronger results than in the Euclidean setting. 

It is well known that the spectrum of the Laplace-Beltrami operator — Ae« on L 2 (HP) 
is the half-line [p 2 ,+oo), where p = Thus one may study either the non-shifted 
wave equation 

{d^u(t, x) — Ah<iu(^ x) = F(t, x) , 
u(0,x) = f{x), 
d t \ t=0 u(t,x) = g(x) , 

or the shifted wave equation 

( dfu{t, x) - (A H n +p 2 ) u(t, x) = F(t, x) , 
(4) I u(0,x) = f(x), 

( d t \t =0 u{t,x) = g{x) . 

In [29J Pierfelice derived Strichartz estimates for the wave equation with radial 
data on a class of Riemannian manifolds containing all hyperbolic spaces. The wave 
equation Q was also investigated on the 3-dimensional hyperbolic space by Metcalfe 
and Taylor |28j . who proved dispersive and Strichartz estimates with applications to small 
data global well-posedness for the semilinear wave equation. This result was recently 
generalized by Anker and Pierfelice [2] to other dimensions. Another recent work [15] 
by Hassani contains a first study of ([3]) on general Riemannian symmetric spaces of 
noncompact type. 

To our knowledge, the semilinear wave equation (j4j) was first considered by Fontaine 
[HI [TO] in dimension n = 3 and n = 2. The most famous work involving (j3j) is due to 

smithy A H n +p 2 j 

Tataru. In [30J he obtained dispersive estimates for the operators — v -. — and 

V A H"+P 2 

cos{t^ Am"+p 2 ) acting on inhomogeneous Sobolev spaces and then transferred them 
from H n to M n in order to get well-posedness results for the Euclidean semilinear wave 
equation (see also [H]). Though Tataru proved dispersive estimates with exponential 
decay in time, these are not sufficient to obtain actual Strichartz estimates on hyperbolic 
spaces. Complementary results were obtained by Ionescu [22] , who investigated L q — » L q 
Sobolev estimates for the above operators on all hyperbolic spaces. 

In this paper we pursue our study of dispersive equations on hyperbolic spaces, ini- 
tiated with the Schrodinger equation [T], by considering the shifted wave equation (j4]) 
on HP. We obtain a wider range of Strichartz estimates than in the Euclidean set- 
ting and deduce stronger well-posedness results. More precisely, in Section @] we use 
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spherical harmonic analysis on hyperbolic spaces to estimate the kernel of the opera- 
tor W^ r) = D- T D T -° e itD ', where D = (- A H ™ -p 2 ) 1/2 , D = (-A H ™ + p 2 - p 2 ) 1 / 2 with 
p> p, and a, r are suitable exponents. In Section [5] we first deduce dispersive L q — >L q 
estimates for , when 2 < q < oo , by using interpolation and the Kunze-Stein phe- 

nomenon [5J El E3] • In Section Owe next deduce the following strong Strichartz estimates 
for solutions to the Cauchy problem (TJJ : 



where 7 is any (possibly unbounded) interval in R, (p, g), (p, g) G [2, oo) x [2, oo) are 
admissible couples such that separately 

2 I n—1 \ n—1 2 _i_ n—1 \ n—1 
q — 2 ' p g — 2 ' 

and a > !i 2^(| — ^ > I ^(2 1 — f ) • Notice that the Sobolev spaces involved in (jSJ) 
are naturally related to the conservation laws of the shifted wave equation (see Section 
[3]). We conclude in Section [7] with an application of (jSJ) to local well-posedness of the 
nonlinear wave equation for initial data with low regularity. While we obtain the same 
regularity curve as in the Euclidean case for subconformal powerlike nonlinearities, we 
prove local well-posedness for superconformal powers under lower regularity assumptions 
on the inital data. 

In order to keep down the length of this paper, we postpone applications of the 
Strichartz estimates to global well-posedness of the nonlinear wave equation and gener- 
alizations of the previous results to Damek-Ricci spaces. 



2. Spherical analysis on real hyperbolic spaces 

In this paper, we consider the simplest class of Riemannian symmetric spaces of the 
noncompact type, namely real hyperbolic spaces HP of dimension n>2 (we shall restrict 
to n > 3 in Section [7J) . We refer to Helgason's books [THl d3 Q2| and to Koornwinder's 
survey for their algebraic structure and geometric properties, as well as for harmonic 
analysis on these spaces, and we shall be content with the following information. HP can 
be realized as the symmetric space G/K, where G = SO(l,n)o and K — SO(n). In 
geodesic polar coordinates on HP, the Riemannian volume writes 

dx = const, (sinhr)™ -1 dr da 

and the Laplace-Beltrami operator 

Ah« = <9 2 + (n— 1) cothr<9 r + sinh~ 2 r Agn-i . 

The spherical functions <p\ on HP are normalized radial eigenfunctions of : 

A h »^a = -(A 2 +p 2 )<p A , 
V?a(0) = 1 , 
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where AeC and p= *=±. They can be expressed in terms of special functions : 

<Px(r) = 4>T ' 5 V) = 2 Fi(f + if , f - if; f ; - sinh 2 r) , 

where A Q,/ ^ denotes the Jacobi functions and 2 F± the Gauss hypergeometric function. 
In the sequel we shall use the integral representations 

<p x (r) = [ dk e -{P+iWa-rk) 

( 6 ) = — 7 _ / dd (sin 9) n ~ 2 (cosh r - sinhr cos 6)-^ 

) Jo 

1 n _ 3 r(-) /-+r n _ 3 

= tt~2 2^ ^ (sinhr) 2 "" / du (cosh r - cosh w) 1 ^ - ^" , 
which imply in particular that 

(7) \Mr)\<Mr)<(l + r)e- pr VAeK, r>0. 
We shall also use the Harish-Chandra expansion 

(8) (p x (r) = c(A)$ A (r) + c(-A)$_ A (r) VAeCxZ, r>0, 
where the Harish-Chandra c-function is given by 

r( P ) r(iA+ P ) 



(9) C (A)-W-L(1A) 



and 

$ A (r) = (2sinhr) u -^ 2 F 1 (f-i|,-£2 i -i|;l-a;-sinh~ 2 r) 

(10) = (2sinhr)- p e lAr V r fe (A)e~ 2fcr 

~ e (iA ~ p)r as r->+oo. 

It is well known that there exist v > 0, e > and C > such that, for every fceN and 
AeC with Im A> -£, 

|r fc (A)| <c(i+fcr. 

We need to improve upon this estimate, by enlarging the domain, by estimating the 
derivatives of l\ and by gaining some additional decay in A for k e N*. The following 
recurrence formula holds : 



r (A) = i 

i 

; (k—iX) 



r fc (A) = ^E-:o^-j)r,(A). 



Lemma 2.1. Let 0<e< 1 and fi e = { AeC | | Re A | < e |A| , Im A < -1+e } . Then, for 
every f eN, there exists Ce>0 such that 



(11) \d^r k (X)\<C e k u (l+\X\)- e - 1 \/keN*,\eC\n 
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Proof. Consider first the case £ = 0. There exists A = A(e) > such that \k — i\\ > 
A max{k, 1 + |A|}. Choose v > 1 such that < § and C > such that ^ < f • 

For A; = 1, we have T^A) = E ^-, hence 

l r i(A)| ^ TTfXf ^ ^T^aT' 
as required. For k> 1 , we have 

r fc (A) = ^ + ^)E 0<J< ^-^) r ,( A )' 

hence 

I r,(A) | < ^ ^ + £ ^ i: o< . <fc (fc-i) 

<Cp 1 I n k v p 2 1 fi^ 
^ 2 * 1+IAI ^ w 1+IAI A fc 



< c 



k v 



1+|A| • 

Derivatives are estimated by the Cauchy formula. □ 

Under suitable assumptions, the spherical Fourier transform of a bi-X-invariant func- 
tion / on G is defined by 

nf(X)= [ dgf{g)ip x {g) 



G 



and the following formulae hold : 
• Inversion formula : 

-+oo 



f(x) = const. / d\\c(\)r 2 Hf(\)Mx), 
Jo 





Plancherel formula : 

"+OO 



r+oo 

f\\ 2 L2 = const. / rfA|c(A)|- 2 |^/(A)| 2 
Jo 



Here is a well-known estimate of the Plancherel density : 

(12) |c(A)|~ 2 < |A| 2 (1 + |A|)™- 3 VAgM. 

In the sequel we shall use the fact that H = To A, where A denotes the Abel transform 
and T the Fourier transform on the real line. Actually we shall use the factorization 
W,~ 1 = A~ l o J 7-1 . Recall the following expression of the inverse Abel transform: 

n-l 

(13) A- l g{r) = const, (--^f) 2 g(r) . 

If n id odd, the right hand side involves a plain differential operator while, if n is even, 
the fractional derivative must be interpreted as follows : 

n-i r+°° 

(14) (- 

sinhrcfr) 9iT) ^ I ^Qgjj s _ cos j 1 r ( sinhs) S'(^) 
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3. SOBOLEV SPACES AND CONSERVATION OF ENERGY 

Let us first introduce inhomogeneous Sobolev spaces on hyperbolic spaces H n , which 
will be involved in the conservation laws, in the dispersive estimates and in the Strichartz 
estimates for the shifted wave equation. We refer to [31] for more details about functions 
spaces on Riemannian manifolds. 

Let 1 < q < oo and a G R. By definition, H° (HP) is the image of L 9 (HP) under 
(— Ae«)~^ (in the space of distributions on HP), equipped with the norm 

= II ( — ^H") 7 / ■ 

In this definition, we may replace — A H n by — A H n— p 2 +p 2 , where p> |~-|2p. For simpli- 

z g 

city, we choose p > p independently of q and we set 

D = (-A H n -p 2 + p 2 )^ . 

Thus H°(E n ) = D- a L q (B n ) and ~ \\D a f\\ Lq . If a = N is a nonnegative integer, 

then Hq (HP) coincides with the Sobolev space 

W N ' q (W) = {feL q (W) \V j feL q {M n ) Vl<j<N} 

defined in terms of covariant derivatives and equipped with the norm 

\\f\\ w »» = '52 N ji vviiw. 

* — '3=0 

Proposition 3.1 (Sobolev embedding Theorem). Let 1 < q\ < q 2 < oo and <J\,(Ji G M 
such that cr 1 -f i >a 2 -g (0) . T/jen 

H%l{W)czH%{W). 

By this inclusion, we mean that there exists a constant C > such that 

li/lki <c \\f\\ H % v/gct (in. 

Proof. We sketch two proofs. The first one is based on the localization principle for 
Lizorkin-Triebel spaces [31] and on the corresponding result in M. n . More precisely, 
given a tame partition of unity 1 = V 9 ? on ^ n > we nave 

ii/ii^(h») x { IK^) oex p^ll^ (R «)} 92 • 

Using the inclusions H£{R n ) C H£(R n ) and £ 9l (N) C £ q2 {N), we conclude that 

i 

Il/|I<2(H») £ {X)^oll^' /)0eXP ^llK f (K»)} 91 X H/Hfl^W 

The second proof is based on the L qi — > L q ' 2 mapping properties of the convolution 
operator JJ U2 ~ ai (see [7] and the references cited therein). □ 

Notice that a x - a 2 > > 0. 



WAVE EQUATION ON HYPERBOLIC SPACES 



7 



Beside the L q Sobolev spaces H°(H n ), our analysis of the shifted wave equation on 
HP involves the following L 2 Sobolev spaces : 

H a ' T (IT) = £r ff £T T L 2 (EP), 

where D = (— A H n — p 2 )l , a Gf and r<§ (actually we are only interested in the cases 
t = and r = ± |) . Notice that 

~ H a > T (U n ) = H a 2 (W l ) ifr = 0, 
H a ' T (H. n ) C H° +T (U n ) if r < 0, 
H a ' T (E n ) D (H n ) if < t < | . 

Lemma 3.2. // 0<r< |, £/ien 

/J CT ' r (H n ) C H° +T (W l ) + iJ 2 °?(H n ), 
w/iere F 2 °?(HP) = f| sG R^( Hn ) (recall that H'iW 1 ) is decreasing as q\2 and s/*+oo). 

<?>2 

Proo/. Let /gL 2 (HP). We have D~ a D~ T f = f * fc^, where 

/•+oo 

fc <y>T (a;) = const. / dA |c(A) |~ 2 |A|~ r (A 2 +p 2 )~t ^(x) 

by the inversion formula for the spherical Fourier transform on HP. Let us split up the 
integral 

-+oo r l 

+ 



/ 

J o 



JO 

and the kernel 

.o 



accordingly. On the one hand, 

H (1 , +oo) (D)D-°D-Tf = f*k™ 

maps L 2 (W l ) into H° +T (W l ). On the other hand, fcJ T is a radial kernel in H%°(M n ), 
hence 

l [07l] (D)D-°D-Tf = f*kZ 7T 

maps L 2 (HP) into H^.(W l ) by the Kunze-Stein phenomenon. Thus D~° D~ T f = f *k UT 
belongs to H% +T (M n ) + H™ + (HI™), as required. □ 

Let us next introduce the energy 

(15) E(t) = \( dx{\d t u(t jX )\ 2 +\D x u(t,x)\ 2 } 

for solutions to the homogeneous Cauchy problem 

d 2 u - (A e ™+p 2 )w = , 

(16) { u(0,x) = f(x), 

d t \ t = u(t,x) = g(x) . 
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It is easily verified that dtE(t) = 0, hence ({15]) is conserved. In other words, for every 
time t in the interval of definition of u, 

\\d t u(t,x)\\% + \\D x u(t,x)\\ 2 Li = \\g\\l + \\Df\\l . 

Let (T6R and t<|. By applying the operator D a D T to ffTTtl) . we deduce that 

\\d t D°Dlu(t,x)\\ 2 L2x + \\blDl +1 u{t,x)\\ 2 Ll = \\D^g\\ 2 L2 + \\D°D T + l f\\ 2 L2 , 

which can be rewritten in terms of Sobolev norms as follows : 



(17) \\d t u(t r )\\ 2 H „, T +\\u(t,-)\\ 2 m , T+1 = \\g\\ 2 H ;r+"*" 2 



4. Kernel estimates 



In this section we derive pointwise estimates for the radial convolution kernel wf' 7 "' of 
the operator W^'^ = D~ T D T ~ a e %tD 7 for suitable exponents crGM and re [0, |). By the 
inversion formula of the spherical Fourier transform, 

w^ T \r) = const. / dX |c(A)|~ 2 A~ T (X 2 + p 2 ) 1 ^ (f\(r) e itx . 
Jo 

Contrarily to the Euclidean case, this kernel has different behaviors, depending whether 
t is small or large, and therefore we cannot use any rescaling. Let us split up 

(<T,t) / \ (o\r)/ \ i \ 

w \ >{r) = w\ \r) + w\J{r) 

= const. / rfAxo(A)|c(A)|- 2 A- r (A 2 +p 2 )^(^ A (r)e 



2 

2 \-r (\2 i ~2^^ ,„ ( m \ „it\ 
J 

/+oo 
dX Xoo(A) |c(A)|- 2 A- T (A 2 +p 2 )^ cp x {r) e itx 

using smooth cut-off functions Xo and Xoo on [0, +oo) such that 1 = Xo + Xoo , Xo = 1 on 
[0, 1] and Xoo = l on [2, +oo). We shall first estimate and next a variant of . 

The kernel i/)[ ff ^' has indeed a logarithmic singularity on the sphere r= t when a = ^y^. 
We bypass this problem by considering the analytic family of operators 

= f^zpj Xoo(D) D-t e itD 

in the vertical strip < Re a < and the corresponding kernels 



"■ n <"'< ~r^=T) I dX X oo(X)\c(X)\- 2 X~- (A 2 +p 2 )^ e«*<p x (r) 



+oo 



Notice that the Gamma function, which occurs naturally in the theory of Riesz distri- 
butions, will allow us to deal with the boundary point a — while the exponential 
function yields boundedness at infinity in the vertical strip. Notice also that, once mul- 
tiplied by Xoo(D), the operator D~ T D T ~ a behaves like D~ a . 
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4.1. Estimate of w^=w^q . 

Theorem 4.1. Let a G R and r < 2. T/ie following pointwise estimates hold for the 
kernel w t ° = lUj q : 

(i) Assume that \t\<2. Then, for every r>0, 

K°( r )l ^ ^o(r). 

(ii) Assume that |i|>2. 

(a) If 0<r < M, &en 

£ l*| r "Vo(r). 

(b) If r> 1 ^, then 

\<(r)\<(l+\r-\t\\y-i e -^. 

Proof. Recall that 

(19) w° t (r) = const, f d\ Xo (X) |c(A)T 2 X T (A 2 +p 2 )^ <p A (r) e itA . 

By symmetry we may assume that t > . 

(i) It follows from the estimates (J7|) and f JT2|) that 

KV)I < /^AA 2 ->oW < ^o(r). 
./ o 

(ii) We prove first (a) by substituting in ( TT9~j) the first integral representation of (p\ in 
dOJ) and by reducing this way to Fourier analysis on R. Specifically, 

w°(r) = / rfA;e- pH{a -- fc) / dAx (A) a(A) e i {*-H(a-r*)}A ^ 

where a(A) = |c(A)|~ 2 A~ T (A 2 + p 2 ) - ^ - , up to a positive constant. According to the 
estimate ([12]) and to Lemma A.l in Appendix A, the inner integral is bounded above by 

{t-H(a_ r £;)} r ~ 3 < {t-r) T - 3 x t T ~ 3 . 

Since 

dke -pH(a- r k) = 



A' 



we conclude that 



KV)| < t T ~Vo(r). 



We prove next (b) by substituting in (fl9~j) the Harish-Chandra expansion ([8]) of <p A and 
by reducing again to Fourier analysis on R. Specifically, 

(20) «,°(r) = (2sinhr)-' J^lZ e "" r { 7 *'°(*. r ) + r ) }> 

where 
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and 

of (A) = c(tA)- 1 a- (A 2 + p 2 )^ I\(±A) . 

By applying Lemma A.l and by using the estimates (JTTJ) for and its derivatives, we 
obtain 

\lt°(t,r)\ < (l+ky(t+r) T ~ 2 < (l+kyr T - 2 

and 

\r k '°(t,r)\ <(i+ky(i + \ r -t\y- 2 . 

We conclude the proof by summing up these estimates in (1201) . □ 
4.2. Estimate of wf = w tCi , 



(*.t) 



Theorem 4.2. TTie following pointwise estimates hold for the kernel wf = , for 

i+] 

2 



any fixed rel and uniformy in a EC with Re cr = : 



(a) J/ 0<r<3, inen | w£°(r 



00/ \| < 



fi) Assume that 0<|£|<2. 

N -2 ^ if n > 3, 

|t|— 3 (l — log if n = 2. 
(b) If r>3, then wf(r) = 0(r-°° e^ r ) . 
(ii) Assume that |t|>2. Tnen 

l^rWI ^ (l + |r-|t||)- 00 e-' ,r Vr>0. 
Proof of Theorem \4-S\ ii. Recall that, up to a positive constant, 

„ r+oo 

oo/„\ e" / ji „ /"v\U/"v\t-2\— r/\2, ~2\^ ,„ / \ it A 



ti?(r) = j^r =P5 J dXxoo(X)\c(X)\- 2 X- T (X 2 +~p 2 )^ipx(r)e l 

By symmetry we may assume again that t > . If < r < | , we resume the proof of 
Theorem I4.11 ii.a. using Lemma A. 2 instead of Lemma A.l, and estimate this way 

(21) | < (r) | < (t-r)-°° Mr) < ^ . 

If r> |, we resume the proof of Theorem I4.1l ii.b and expand this way 

(22) wT(r) = i^^Csinhr)-" J^lZ e^i^f, r) + /"'"(t, r) } , 
where 

/■+OO 

lf'°°(i,r) = / dA Xoo (A)a±(A)e^ A 
./ o 

and 

oJ(A) = c^xy 1 X~ T (A 2 + p 2 )^ 1 r*(±A) . 

It follows from the expression (J0J of the c-function and from the estimates ( 1111) of the 
coefficients T k that XooOfc is a symbol of order 



d 



-1 if k = 0, 

-2 if keN*. 
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By applying Lemma A. 2, we obtain the following estimates of the expressions I^ ,OQ (t, r), 
except for / '°°(t,r): V iV G N* , 3 C N >0, 

(23) \lt ,0 °{t,r)\ < C N \a\ N (l+ky (t+r)~ N < C N \a\ N (l+ky r~ N , 

(24) < C N \a\ N (l+kY(l + \r-t\)- N . 

As far as Ig ,00 (i, r) is concerned, Lemma A. 2 yields the estimates 

C N \a\ N \r-t\- N if \r-t\>l, 



(25) \Io'°°(t,r)\< 



-'N 

C(l+log^) if |r-t|<l. 



The second one can be improved by applying Lemma A. 3 instead of Lemma A. 2. For 
this purpose, let us establish the asymptotic behavior of the symbol cIq(A), as A— >-+oo. 
On the one hand, 

c(A)- 1 = 2$!X$L=l$e-> (^f - (iA+p)' { 1 + O (A~*) } 

= e iE r A"{1 + 0(A- 1 )}, 

according to Stirling's formula 

r(e) = v^F^e-«{i + o(|e|- 1 )}. 

On the other hand, 

A^(A 2 + p 2 )^=A- ct {1 + 0(| ( t|A- 2 )}. 

Hence 

a" (A) = c Q \- 1 - ilui<T + b Q (\) with |6 (A)| < C\a\ X' 2 . 
By applying Lemma A. 3 with m = and d = — 2, we obtain 

(26) IV°(t,r)| < if|r-f|<l. 

Instead of the singularity log-p^y in ( 12"5"]) . the estimate (12T)]) of I^ ,00 {t,r) involves this 
time the singularity , which cancels with the denominator of the front expression 

(27) 



IW-<t) 



in (I22p . Notice moreover that the numerator of (|27|) yields enough decay to get uniform 
bounds in u. In conclusion, by combining (122]) . (123"]) . (124]) . ( 125]) . (126]) . we obtain 

l^rWI £ (l + |r-t|)-°°e-'' r Vr>|. 

□ 

Remark 4.3. The kernel wf(r) can be estimated in the same way, except that 

\w?(r)\ < e-^ log^ 

when r is close to \t\ . 
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Let us turn to the small time estimates in Theorem 14.21 The estimate (i.a) is of local 
nature and thus similar to the Euclidean case. For the sake of completeness, we include 
a proof in Appendix C. It remains for us to prove the estimate (i.b). 

Proof of Theorem \4.2\ i.b. Here 0< \ t\ < 2 and r>3. By symmetry we may assume again 
that t > . We use now the inverse Abel transform given by Formulae ffT3]) and (fT4"|) . 
Up to positive constants, the inverse spherical Fourier transform (fTSl) can be rewritten 
in the following way : 

«?*°(r) = 

where 

/+oo 
dX Xoo(A) A~ T (A 2 +p 2 )^ e ttx cos Ar . 

Let us split up 2 cos Ar = e tXr + e~ lXr and gt{r) = gti r ) + 9~t{ r ) accordingly, so that 

/+oo 
dX Xoo(X) X~ T (X 2 +p 2 ) 1 ^ L e i{t±r)x . 

Case 1 : Assume that n = 2m+l is odd. First of all, let us expand 
Since the coefficients af(r) are linear combinations of products 

( sinh r / ^ \ dr ) ( sinh r ) ^ ^ ( c*r ) ( sinh r ) ' 

with £ 2 + . . . +£ m = m-£, and ^ = 2 £)g e -(2i+i)r ig 0(e~ r ), as well as its deri- 
vatives, we deduce that af(r) is 0(e _mr ) as r— >+oo. Consider next 

/+oo 
dX Xoo(X) X- (A 2 +p 2 )^ (±iA) V<***)* . 

According to Lemma A. 2, for every iVeN*, there exists Cjv>0 such that 

M) e gt(r)\<C N \o-\ N (r±t)- N . 



As a conclusion, 



)m , 
(gt + 9t){r) < C N r- N e- n — r WN e W 



Case 2 : Assume that n = 2m is even. According to Case 1, for every N G N*, there 
exists C*at>0 such that 

K^r^)i<^K^ e — v s > 3 . 



By estimating 



cosh s — cosh r = 2 sinh sinh ^ e r sinh s y~ , 
sinhs<e s , e -(»«-i)« < e -("»-i)r s -jv < r -7v 
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and performing the change of variables s = r+u } we deduce that 



|t27f(r)| 



< 



ds 



sinh s 



Vcosh s — cosh 



ihr l(sinhs<9s) 9t{.^ 



+00 



< c N 

< C N r 



ds 



sinh ; 



- N g -(m-i)r 



\J cosh s — cosh r 
+00 



s — N ^—ms 



da 







V sinh I 



-JV 



5. Dispersive estimates 



□ 



In this section we obtain L q ' — >■ L 9 estimates for the operator D~ T D T ~ a e ltD , which 
will be crucial for our Strichartz estimates in next section. Let us split up its kernel 
w t = Wt + wf as before. We will handle the contribution of using the pointwise 
estimates obtained in Subsection 14.11 and the following criterion based on the Kunze- 
Stein phenomenon. 

Lemma 5.1. There exists a constant C > such that, for every radial measurable 
function k on W 1 , for every 2<q,q<oo and f dL q (HP), 

f+00 

< C 



where u = 2 mm ^'^ and Q 

• q + q 



dr (sinh r) n 1 ^(r)^ \n(r) 



qq 
q+q 



a. 



Proof. This estimate is obtained by complex multilinear interpolation between the fol- 
lowing version [19] of the Kunze-Stein phenomenon 



\f* K IU 2 ll/IU 2 / dr (sinh r 



\ra-l 



<Po(r) \K[r) 



and the elementary inequalities 



|/*« 



Li 



< 



|/*« 



< 



Specifically, if 2 < q < 00 and 2<q<q, define 2 < r < 00 by ^ = ~ 1/2-1/9 
interpolation, let us deduce the intermediate estimate 



By complex 



(2? 



/* (v^o 9 9) ( x ) K x ) dx 



< 



\9\\ LQ 



\h\ 



Li' 



from the endpoint estimates 



(29) 

and 
(30) 



fo*g (x)h (x)dx < \\fo\\ Lr >\\go\\ L r\\h 



Ir.l 



fx* { 1 Pq 1 9x){x) hi(x) dx 



£ IIMI L 2lkl|l L lll^l|l L 2 • 



2 Notice that A = ± + I and ri + Q>2. 



14 



JEAN-PHILIPPE ANKER, VITTORIA PIERFELICE, AND MARIA VALLARINO 



Here 



f=^2 a i 1 A 3 , 9=^2f3kKB k , h=^2-f e l Ce 



finite finite finite 

are linear combinations with nonzero complex coefficients of characteristic functions of 
disjoints Borel sets in H n with finite positive measure, the B^s being moreover spherical. 
As in the proof of the Riesz-Thorin theorem (see for instance [3, § 1.1]), we assume that 



\9\ 



lQ 



\h\ 



Li' 



1, we consider the analytic families of simple functions 



finite 



finite 



where 



«& = (±_l)z+l. 
q' \r 21 r 



b(z) 
Q 



£(£) 

q' 



finite 



and we apply the Hadamard three lines theorem to the holomorphic function 
in the vertical strip { z G C | < Re ,2 < 1 } . More precisely, if Re z = , then 



Rea{z) = % 
Re b(z) = % 
Rec(z) = q' 



Wfz 



\h. 



i 



or = 1 
\y\\ L Q x > 

\h\\ q ',= i, 



hence 



(z)\ < 1, according to (|29|) . Similarly, if Re z = 1, then 

I 2 ,, x -uq' _ 



Rea(^) = |r 
< Re b(z) = Q 
Re c(z) = £ 



Wfz 

Why 



>L 2 
I 2 

'l 2 



1. 



or = 1 
\y\\ L Q ^ 



Li' 



hence \ip(z)\ < C, according to (1301) . The estimate ( |28|) is obtained by applying the three 
lines theorem to ip(z) at the point z = - , where 




fz f ) 

9z = g, 

h 7 = h. 



Eventually, the symmetric case, where 2<g<oo and 2<q<q, is handled similarly. □ 

For the second part w^°, we resume the Euclidean approach, which consists in inter- 
polating analytically between L 2 — >L 2 and L 1 — estimates for the family of operators 



(31) 



W 



t.oo 



Xoo(D) D~ T D T ~ a e 



-a n itD 



in the vertical strip < Re o < 



n+l 
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5.1. Small time dispersive estimate. 

^ n ^ D <~ t << ^ nmrl rr "> I n -Li "\ I _ 

■2 



Theorem 5.2. ylss^me i/iai < \t\ < 2, 2<q <oo, < r < § and a > (n +1) (~ — 



| + |-(n-l)(i-i) •/• 

\t\ y 1(2 i' if n > 3, 



I D~ T D T ~ fJ p itD II < 



(l_log |t|) 1_ l i/ 7i = 2. 



Proof. We divide the proof into two parts, corresponding to the kernel decomposition 
w t = Wt + wf. By applying Lemma I5TT1 and by using the pointwise estimates in Theorem 
14. H i. we obtain on one hand 

U+OO 2 
rfr(sinhrr-Vo(r)k°(r)l f } 9 H/Hw 



o 



< \\f\\ Lq , V/gL*'. 
For the second part, we consider the analytic family (l31~i) . If Re a = 0, then 

ll/*^ril^< WfWv V/eL 2 . 



If Re a = ^y^, we deduce from the pointwise estimates in Theorem I4.2U that 



2 



By interpolation we conclude for <r = (n + 1) (| — ~) that 



□ 



5.2. Large time dispersive estimate. 

^2 g 



Theorem 5.3. Assume that \t\ > 2, 2 < q < oo, < r < § and a > (n+l)(|-i). Then 



\~n~ T r> T ~ a p itD \\ < i/-r~ 3 



Proof. We divide the proof into three parts, corresponding to the kernel decomposition 

w t = I B(0 MjW? + l H »xB(oM) w ° + 



Estimate 1 : By applying Lemma 15.11 and using the pointwise estimates in Theorem 
I4.1l ii.a. we obtain 



l/*{l B( oM)^ }ll^< {| o 2 rfr(sinhrrVo(r)k,°(r)|^}' \\f\\ L , 

U+OO 2 
rfr( l + r) i+i e -M§-i)}« | tr -3 11/11^, v/G^' 





v— 

<+oo 
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Estimate 2 : By applying Lemma 15.11 and using the pointwise estimates in Theorem 
|4JJii.b, we obtain 



oo ,2 

" f "w' 



l/*{V^( M)^}lb< {/ rfr(sinhrrVo(r)k°(r)l f }' 

< { dr re-Wry m ^ V/gL 



2 

V 



Estimate 3 : In order to estimate the L q ' — > L q norm of / H- f *wf, we may apply 
Lemma [5. II and use pointwise estimates of wf (see Remark 14.31) . While 

r+oo 

dr (sinhr)" -1 (fo(r) \wf (r)| a and / rfr (sinhr)" -1 </?o(?") |Wf (r)| » 
'o ' J\t\+i 

are 0(|t|~°°) for any crGM, the integral 

■|t|+i 

dr (sinhr)" 1 v?o( r ) \ wf(r)\ 2 

r l*|-i 

is finite provided a > — ~ , which is too large compared with the critical exponent 
(n+l)(|— i). Instead we use again interpolation for the analytic family (IBTj) . If Recx = 0, 
then 

ii/*^ni^< imi^ v/gl 2 . 

If Recx = ^ji, we deduce from Theorem I4.21 ii that 

ll/*tft°|U~< l*! -00 !!/!^ v/gl 1 . 

By interpolation we conclude for a = (n+l)(| — -J that 

ll/*<n L9 < ir^ii/iL' v/gl"'. 

□ 



By taking r = 1 in Theorems 15.21 and 15. 3[ we obtain in particular the following disper- 
sive estimates. 



Corollary 5.4. Let 2<g<oo and er>(n+ !)(§--). Th 



i i > 



en 



n-cT+l II < 



| t |-(r,-l)(^- ? ) ^ <|t|<2, 

|£|~ 2 i/ |t|>2, 



with \t\ ^ n ^ replaced by \t\ ^ ^(1 — log l^) 1 « in dimension n — 2. 

Remark 5.5. Notice that Tataru [30] obtained dispersive estimates with exponential 
decay in time for the operators costD and sm ^ D t but did not prove actual Strichartz 
estimates. Here we obtain dispersive estimates with polynomial decay in time for the 
operator e ttD . This difference reflects the fact that the Fourier multipliers associated 
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with the operators cos tD and sir ^ are analytic in a strip of the complex plane, which 
is not the case of e ltD . 



By applying Lemma 15.11 in full generality, we obtain the following decoupled estimate 
for the operators 



W 



to T) = X o(D) D- T e itD 

3 



Proposition 5.6. Let 2<q,q<oo, 0<r<| and crGlR. Then 



w% T) \\ L ,_> Lq <(i + \t\ 



,T-3 



6. Strichartz estimates 

We shall assume n>3 throughout this section and discuss the 2-dimensional case in 
the final remark. Consider the inhomogeneous linear wave equation on M. n : 

dfu(t,x) — (A H ™ + p 2 )w(£, x) = F(t,x), 
u(0,x) = f(x), 
d t \ t=0 u(t,x) = g(x), 

whose solution is given by Duhamel's formula : 



(32) 



u(t,x) = (costD x ) f (x) + 



sin tD x 
D x 



g(x) + / ds 



sm(t—s)D x 



D x 



F(s,x) 



Definition 6.1. A couple (p,q) is called admissible if (-, -) belongs to the triangle 
(33) r B = {(II) e (0 ) |]x(0 ) |)|| + ^>n=i } 

(see Figure 1 ) . 




Figure 1. Admissibility in dimension n>A 
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Remark 6.2. Observe that the endpoint 
dimension n > 3 but not in dimension n - 



Zi) is included in the triangle T n in 

3 (see Figure 2). 




Figure 2. Admissibility in dimension n = 3 



Theorem 6.3. Let (p, q) and (p, q) be two admissible couples. Then the following 
Strichartz estimate holds for solutions to the Cauchy problem 



(34) W u Wlp(R;l<i) ~ H/Hfl*-*.* + + ^Hp'^h^- 1 ) 1 

where a > < - w ^ 1 - > (§ — ~) cr > ( - w ^ 1 - 1 Q — 4) . Moreover, 

l a 1 i> + II 9+1x11 / „ i n 

(35) 

< ||/|| H<r _i,i + |b|| HCT _i,_i + ll^ll L p'( R;i ^+*-i) • 
Proof. Consider the operator 

Tf(t,x)=D7 +h ^f(x), 
initially defined from L 2 (HP) into L°°(]R;i/~2'2(H n )), and its formal adjoint 

-+oo 



/+0O 
-oo 

initially defined from L X (M; L 2 (H n )) into F~2>2(H n ). The TT* method consists m prov- 
ing first the L p '(R;L q '(U n )) L p (R; L q (W a )) boundedness of the operator 

/+oo 
ds D- 2 ° +l e±Ht D ° )Dx F(s,x) 
-oo 
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and of its truncated version 

• t 



TF(t,x)= I dsD- 2 ° +l e±l(t D S x )Dx F(s,x) 

J — oo 



for every admissible couple (p, q) and for every a > ^f-(f — |), and in decoupling next 
the indices. 

Assume that the admissible couple (p, q) is different from the endpoint (2, 2^5§) . Then 
we deduce from Corollary 15.41 that the norms \\TT*F(t,x)\\ L P L i and \\TF(t, x) ^l v lI are 
bounded above by 



(36) / ds\t-s\- a \\F(s,x)\\ ql + / ds\t-s\- 2 \\F(s,x 



+ 


/ ds \ t — s\ 




J\t-8\>1 



L 



'0<\t-s\<\ 

where a— (n— 1)(|— ^) € (0, 1). On the one hand, the convolution kernel \t— s |~ 2 1{|t_ s |>i} 

defines obviously a bounded operator from L Pl (R) to L P2 (R), for all 1 < p\ < P2 < oo, in 

particular from L p (R) to L P (R), since p>2. On the other hand, the convolution kernel 

\t — s\~ a I{o<|t_ s |<i} with 0<a<l defines a bounded operator from L Pl (R) to L P2 

for all 1 <Pi,P2< oo such that < — < 1 — a, in particular from L P '(R) to 

since p > 2 and - > a . 
f — P — 

At the endpoint (p, q) = (2, 2^|) , we have a = 1 . Thus the previous argument breaks 
down and is replaced by the refined analysis carried out in (25] . Notice that the problem 
lies only in the first part of f )36|) and not in the second one, which involves an integrable 
convolution kernel on R. 

Thus TT* and T are bounded from L P '(R; L q '(B. n )) to L p (R;L q {M n )) , for every ad- 
missible couple (p, q). As a consequence, T* is bounded from L P '(R; L 9 '(H n )) to L 2 (H n ) 
and T is bounded from L 2 (HP) to L P (R; L 9 (HI n )). In particular, 

II (cos i z^/Or) |U ?i « < \\b7 +h D-h^ tD *b7 k Dif{x)\y tL% < \\f\\ H ^ h 

and 



~ — /T-4-1 —I 

smtDg ii „ „ < II n 2 n 2 c ±«'ft 



L 9(?)\\ir t Li< \\D X ^DV 2 e^ tD *D~ 2 D-- 2 g(x)\\ LPtLl < \\g\\ H ^ h ■ 

We next decouple the indices. Let (p, q) ^ (p, q) be two admissible couples and let 
CT >n±iQ_Ij^ g->n±l^I_Ij Since T and T* are separately continuous, the operator 

/+oo 
cfa D-°-° +1 e±At D ° )Dx F{s,x) 
■oo 

is bounded from Z/(R; i/(H n )) to L P (R; L 9 (HP)) . According to @], this result remains 
true for the truncated operator 



and hence for 



TF(t,z) = f ds D-°- a+1 c ^^- F(s,x) 

J — oo 

TF(t,x) = ['ds D-°-° +l sin(t D s)D * F{s,x) 
Jo 
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as long as p and p are not both equal to 2. We handle the remaining case, where 
p = p = 2 and 2 < q ^ q < 2^|, by combining the bilinear approach in [25] with 
our previous estimates. Specifically let us split up again / = Xo(-D) + Xoo(D) 2 , using 
smooth cut-off functions, and T= 7 -0 +T°° accordingly. On one hand, it follows from 
Proposition 15.61 that 

T°F(t } x) = I ds X o(D x )D- x l b 1 -*^ e^ 1 - 3 ^* F(s,x) 

J — oo 

is bounded from Z/(M; l/(H n )) to L P (R; L q (U n )) , for every 2 < p, p < oo and 2 < q, q < 
oo, in particular for p = p = 2 and 2 < q, q < 2^5§. As far as it is concerned, the 

L 2 // — > L 2 L q boundedness of 

T°°F(t,x) = f ds X oo(D x ) 2 D- 1 D 1 -*-* e^-^ * F(s,x) 
amounts to estimating the hermitian form 

B co (F,G)=[[ dsdt [ diXoopx)5; 1/2 ^y 2 "e TJsDl F(s,x) 

J J s<t JU n 



x X oo(D x )D- 1/2 bl /2 - a e^^G(t, 
by ||-^Hl 2 L9' H^Hz^m' • Let us split up dyadically 



+oo 



£ 

;"=-oc 

and B°° = yZt^t~-,BT accordingly. For every ?'eZ, let us further split up 

+ 00 + 00 

F(s,x) = ^ ft[k2J,(k+i)v)(s) F(s,x) and G(t,x)= ^ *lt2i,(i+i)zi)(t) G(t,x) . 



s<t j = _ OQ J J 2i<t-s<23+ 1 



k=—oo ~y £=—oo ~y 



Notice the orthogonality 

i p II n F 0')||2 \ 1/2 |. r .| _fv +oa ii r w ii 2 112 



and the almost orthogonality 



Bf(F,G) = y~] MeZ Bf{F k ,G { f). 

e-k£{l,2} 



We claim that 



(37) |Bf(Ff, G«)| < 



2 "hM\\Fjp \\^\\G^\\^ if j<0, 

s-^'II^IL^'IIG^II^ if j>0, 



when 2 < q, q < 2 ^1 and n(q,q) = 11 y~{.\ + \) — rL ^- These estimates will be obtained 
by complex interpolation between the following cases (see Figure 3) : 
(a) q = 2 and 2<q<2^, 
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(b) 2<g<2^| and q = 2, 

(c) 2 < q = q < oo. 




2 V2 q/ 



Figure 3. Interpolation 

Case (a): Assume that q = 2, 2 < g < 2 ^| and Rea = 0, Rea = ^ ■ Consider 

the operators 

and 



T°°f{t,x)= X oo{D x )D x 



ID* 



+oo 



(T°°)*F(x)= / ds X oo(D x )D x 



F(s,x) 



By resuming the proof of Theorem 15.21 and by applying the T 00 ^ 00 )* argument, we 

l_ rt-W l In 
p 2 V2 q> 



obtain that (T°°)* is bounded from lf(R; i/(H n )) to L 2 (H n ), where 4 = 2=±(i-4). By 



combining this result with Holder's inequality, we deduce that 



Bf(F^,Gf)\ < sup 



t-2i+ 1 <s<t-2^ 



ds X oo(D x ) D x > D\ °e TisD *Fl J \s,x 



Li 



x || X oo(D x ) D x * Dl e^ tD * G { p(t, x) \\ LlL2 



< sup || !( t _2i+i,i-2i)(s) Fl j] \s,x) II p/ || 



<(i) ( 



< 9^ ii pC?) ii ii r 1 ^ ii „ 
~ lv W^k IIl 2 ^"' II G <? IU 2 ^ 2 



with ^ = /e(2,g). 

Case (b) : If 2 < q < 2 g = 2 and Rea = ^ (§— ), Rea = 0, we have symmetrically 



B7>(FW GS°)| < 2 Kfe2)j WF^Ww ||Gf 1 
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Case (c) : Assume that 2 < q = q < oo and Re a = Re a = — -) ■ Let us rewrite 



(i) 



Bf(F^>,G 



2J<t-s<2J+ 1 



(is (it / 



x {xooP.) a i?; 1 5i-^*c ±i ^ fl -F? ) ( a , a ;)} G^t, 
By using the dispersive estimates 



x) . 



Xoo(D) 2 D' 1 D 1 -*-* e ±i{t ~ s)D 



\ - < 



(f-a) 
(t- fl ) 



-(r t -l)(i-4) 



2 ff' if 0<t-s<2 
if i-s > 2 



(see the proofs of Theorems 15.21 and 15.31) . we obtain 



\Bf{Fjp, Gf)\ < 
Hence, by Holder's inequality, 



L<L«'\\Gf\\ L i L<1 > if J < 0, 



2~°°i II 



(j) II , 

A: III, 1 !/? 



G 



0')i 



2 ^b-|| F 0')|| L2Lg/ || G 0-)|| L2L9/ jf J < 0) 



2-°°i || _p 



0") II 

k \\L 2 Lv 



'WG^Wvu if J>0. 



Our claim fl3T|) follows now by complex interpolation between the estimates obtained in 
Cases (a), (b) and (c) above. By summing up (j3"7|) and by using Holder's inequality, we 
conclude that 



B°°(F,G)\ < V |£°%F,G)| < i,h^z \B?(Fj>\G®< 

" -fee{i,2} 



<jez 



<{ E ^ 2 ^, J + E ^ 2 ^}{ Eial|F « llkj ,} 



1/2 {E 



G 



U) || 2 



} 



1/2 



< IIFI 



L 2 L1 



t IIC || 



if2<g^g<2 . Notice that n(q, q)>0 under this assumption. 
Let us turn to (155]) . On the one hand, the energy estimate (lT7j) yields 

||( costjD ) / + s^|| w4+ [[-(sint^DZ + CcostD)^!!^.^ 



<V2{||/|| fl 



i i 



, 1 l) 



for every t GlR. On the other hand, since T* is bounded from L 9 ~'(H n )) to L 2 (H n ), 

both expressions 



/■* ds sin(t- S )D, p ^ 

Jo 



X) 



and 



(is cos(t—s)D x F(s,x) 



„ i i 

f a; 



„ 1 1 



dsbl 2 D X 2 sin (t- s)D x F(s, x) 



LI 



dsbl 2 D X 2 cos(t-s)D x F(s, x) 



L'i 
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are bounded above by 



+00 



ds D 



D x *€* iaD "D'?*- x -S. {QA {8)F(8,x 



LI 



< ||]I (0 , t) ( S ) J D: +5 - 1 F( S ,x)|L p -, 1 < \\F\ 



ct + ct — 1 / 



uniformly in £gR. We conclude the proof of (I35p by summing up the previous estimates 
and by taking the supremum over tGlR. □ 



Remark 6.4. Observe that, in the statement of Theorem \6.3\ we may replace M. by any 
time interval I containing 0. 

Remark 6.5. An analogous result holds in dimension n = 2 and its proof is similar, 
except for the first convolution kernel in (|36|) . which becomes 



l-loglt 



{0<\t-s\<l} , 



\t-s\ 

with a = | — - and = 2(| — -). It turns out that, in this case, a couple (p,q) is 
admissible if (±, i) belongs to the region T 2 = { (i, J) 6 (0, |] X (0, \) \ l + \>\) {see 
Figure 4 ) ■ 



1 
g 

1 



o- 

1 
1 



- ^ I 

Figure 4. Admissibility in dimension n = 2 



7. LWP RESULTS FOR NLW EQUATION ON H n 

We shall assume n > 4 throughout this section and discuss the lower dimensional 
cases n = 3 and n = 2 in the final remarks. We apply Strichartz estimates for the 
inhomogeneous linear Cauchy problem associated with the wave equation to prove local 
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well-posedness results for the following nonlinear Cauchy problem 

{d%u(t,x) - (A M n+p 2 )u(t,x) = F(u(t,x)) 
u(0,x) = f(x) 
d t \ t=0 u(t,x) = g(x) , 

with a power-like nonlinearity F(u). By this we mean that 



(39) 



\F{u)\ < C|m| 7 and \F{u) - F{v) \ < C (\u 



7-1 



|7-1 



) \ U ~ V \ 



for some C > and 7 > 1 . Let us recall the definition of local well-posedness. 



Definition 7.1. The NLW Cauchy problem (1551) is locally well-posed in H a,T x H a ' T ~ l 
if, for any bounded subset B of H a,T x H a ' T ~ 1 , there exist T>0 and a Banach space X T , 
continuously embedded into C ( [— T, T] ; H S)T ) fl C 1 ( [— T, T] ; if s ' r ~ 1 ) , such that 

• for any initial data (f,g)EB, (1381) has a unique solution u&Xt, 

• the map (f,g) is continuous from B into Xt- 

The amount of smoothness a requested for LWP of (13*51) in H a ~2'^x H a ~\~\ depends 
on 7 and is represented in Figure 5. 



a A 




There 



7i 



ra + 3 



1+* 

n 



Figure 5. Regularity in dimension n>4 

/conf n _i 1 ^ n -i: 



72 



(n+1) 2 
(n-l) 2 + 4 



1 + 



n-1 I 2 ) 
2 ' n-1 



73 



I / 71 — 6 2 n2 / n — 6 2 \ 

n 2 + 5n-2 + y / « 4 +2ra 3 +21n 2 -12n + 4 _ ]i V V 2 1 2 



2n 2 -2n 



74 



ra 2 +2n-5 
n 2 -2n-l 



1 + 



2 n-1 



70 



mm 



{73, 74} 



73 if n = 4, 5 

74 if n>6 
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and the curves C\ 1 C2, C3 are given by 

Ci(7) = 2 J i (l- 5 #fc T ). ^(7) = ^-^r, C 3 (7) = f-^T. 
When 7 < 700, we obtain the same regularity curve as in the Euclidean case. Since 
our Strichartz estimates hold for a large family of admissible pairs, they are sufficient 
to study the regularity problem via a fixed point argument ; in the Euclidean setting 
this problem was solved by different methods, depending on the range of the power 7 
involved in the nonlinearity and on the regularity of initial data. 

Theorem 7.2. Let n>A and assume that F{u) satisfies (1351) . Then the NLW (J2HD is 
locally well-posed in H a ~5'2 x H a ~2~2 in the following cases: 

(A) 1<7<7i and cr>0; 

(B) 7i<7<7 2 and a > 61(7); 

(C) 72<7<7conf and o->C 2 {l)] 

(D) 7conf<7<7oo and a>C 3 (y) . 

More precisely, for all such nonlinearity power 7 and regularity a, there exists a positive 
T, depending on the initial data, and a unique solution u to NLW (|38|) such that 

u G C([-T,T};H a -i'i{m n )) n L Po ([-T, T] ; L qo {M n )) , 

for a suitable admissible couple (po,qo), and 

d t u G C([-T,T};H a -^(M n )) . 



Proof. We apply the standard fixed point method based on Strichartz estimates. Define 
u = <&(v) as the solution to the following linear Cauchy problem 

{d 2 t u{t, x) - D 2 x u(t, x) = F(v(t, x)), 
u(0,x) = f(x), 
d t \t =0 u(t,x) =g{x), 

which is given by the Duhamel formula 



u(t,x) = (costD x )f(x) + s -^g(x) + / ds sia{t - s)Dx F(v(s,x)) . 





We deduce from the Strichartz estimates (154"|) . (1551) and from Remark 16.41 that 

IMIj^o ([-T,T];H a -y>%) "® tU "L'=°([-T,TY,H°-%-?) ^ " U " LP{[-T,T\;Li) 



< 11 fl1 .11+ llflll .11+ 11^)11 ,/ A 



for all admissible couples (p,q), (p,q) introduced in Definition 16. 1[ for all c^^^Q — ~), 
o~> ^^(l - -)> an d f° r a positive T to be determined later. According to the nonlinear 
assumption (139|) . we estimate the inhomogeneous term as follows: 



\F(v)\\ / \ < II lfl 7 ll / \ 

I V J"L$'{[-T,T];m+ 9 - 1 ) ~ LP' {\-T,T\;HZ^~ l ) 
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Assuming a + a — 1 < n(-~? — ~r) < 0, we deduce from Sobolev's embedding (Proposition 
ED that 



it 



< 



L°°([-T,T];if <r "'3'£) 



+ 



<0 



+ M 



LP([-T,T];Li) 



„ 1 i + G „ i i 



Lp't([-T,T];Z«'i 7 ) 



In order to remain within the same function space, we require that q = q'-^j. After 
applying Holder's inequality in time, we obtain 



(41) 



Ml i, , „ i n + Wd+uW i, , „ i in 

I H^c»( [_T,T];.ff CT ~2'5j 11 "L°° ( [-T,T];ir' _ 3' _ 2 1 



+ M 



LP([-T,T];L9) 



< 



,11+ HgII ff i i + T A ||«|, 



17 



Here we have assumed p > 7/7 and set A = -~, — ^ > . It remains for us to check that 
the following conditions can be fulfilled simultaneously : 



(42) 



P>P1, 

0< ^7 < 1 < 1, 

2 I n— 1 \ ra— 1 

p ~T g - 2 ' 

2 I n— 1 \ rt— 1 

g - 2 ' 



Suppose indeed that there exist indices p,q,p,q satisfying all conditions in (|42|) . Then 
(HTj) shows that $ maps X into itself, where X denotes the Banach space 

X = {u\ ueC([-T,T];H a -^^(W n )) n L p ( [— T, T] ; L g (H n )) , 
d t ueC(i-T,T];H°-^- l i(U n ))} , 

equipped with the norm 



l^ll = lM| / r , „ i i\ + ||d+it|| i, , _ i i\ + IM 

1 [-T,T];H CT- 2'3l 11 "L°° ([-T,T];_H" CT ~3'-2 J 11 1 



LP 



([-T,T];Li) ' 



Moreover we shall show that $ is a contraction on the ball 

X M = {ueX\ \\u\\ x <M}, 

provided the time T > is sufficiently small and the radius M > is sufficiently large. 
Let v,vEX and w = $(t>), u=$(v). By arguing as above and using Holder's inequality, 
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we have 

II u — -u II < C \\F(v)-F(v)\\ . , , - j\ 



< C ||{|w| 7 - 1 + ISI 7-1 } |u— y| 



LP' 



'([-T,T];l/l) 



(43) 

l " \p([-T,T];Li) " "lp([-T,T];Li) i " 11 LP ( [-T,T] ;Ls) 

< CT' {llvf-'+llvf-^llv-vlU. 
If IM|x<^ and ||£>||x<-^\ then (|4ip yields on the one hand 

\Hx < c { n/ii w ,x + |M| + T A M 7 } 

and 

INU < c { ||/||^ CT -i,i + 11^ || HCT - + T A M 7 }, 
while (1431) yields on the other hand 

||w-w|U < 2CT X M 1 ^ 1 ||u-i5|U. 

Thus, if we choose M> so large that 4p > C { ||/|| + H^H <,_i _i } and T>0 so 

small that C T X M~< < f and 2 C T A M 7_1 < § , then 

IMIx < ||w||x < and ||w — w||x < | \\v — v \\x 

if v, v gXm and w = $(i>) , m = $({;) . Hence the map $ is a contraction on the complete 
metric space Xm and the fixed point theorem allows us to conclude. 

Let us eventually prove the existence of couples (p, q) and (p, q) satisfying all conditions 
in (1421). Condition (B21iii) amounts to 



(44) 2n 7 -n-l + w-l < +1 . 1 < n+1 _ 2n 7 -n-l l 

V / 5 9 — g — Ti—l n—1 g 

By combining (144]) with (|42lii) and (l42lvi). we deduce that 

n-3 < I < 2 



20-1) - q - ( 7 -l)(n+l) ' 

This implies that 7 < 7oc = = 1 + ( n ff)(n-3) • B ^ combining ® with flUvii), 

we obtain 

^< i<min{i n+i-^ttilj, I^I. 

2(n— 1) — q — 12' n—1 n—1 q J ' q ' 2 

By combining (j44j) with (j42l vii). we also obtain i < 2 (2n"-n-i) • ■'■ n summary, the condi- 
tions on q reduce to 

"~3 < I < min/I I ? n+5 1 1 / 1 1 

2(n-l) — g — 111111 \ 2' 7' ( 7 -l)(n+l) ' 2(2n-y-n-l) J ' <j / 2 ' 7 ' 

or case by case to 

.l< 7 < 7l and^y<±<±, 

• 7i < 7 < 72 and ^ < \ < ^f^T) . 

• 72<7<7oo and ^ < ^ < ( 7 -i) 2 (n+i) • 
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Let us turn to the indices p and p. According to (H2|) . we have 



n=i(l_ I) < I < I 
2 V2 ql — p — 2 



and 



(45) 



2 V 2 ql — p — I 2 ' p J ' p ' p ' 

By taking into account the previous conditions on q, we end up with the following 
conditions on p and p : 

o ¥(l-;)<;<^{i^+i}, p-^+wi' 

There exist indices p and p which satisfy f !45p provided that \ > | + 2 ^_ 5 1 ^ ) — ^ . We thus 
have to find q such that 

(46) ma*/ "=3 2+ «=5 _ 2 j < 1 < min{± ™+I _ ^ip^I } 

V / I 2(n— 1) ' 2 2(n— 1) g J — q — 12' n—1 (n—l)q J ' 

with i^i, | + 2| ^1 5 1 ) — ^ . This implies that g has to satisfy the following conditions : 
(471 mm: f "~ 3 1 2 1 < 1 < min f 1 1 2 n +5 n+7- 7 (n-l) i 

V*^ mdA l2(n-l)'2 7 (n-l)J — g — 111111 I 2 ' 7 ' ( 7 -l) (n+1) ' 2 (2n 7 -n-l) ' 2 ( 7 -l) (n+1) J ' 

Witl1 J ^ I - 7^' l> ^ ltl-l)t'+l) ■ ^ ^ that < 2(^-l)(n+lj eaSil y im P UeS 

that 7 < 74 < Too . The fact that | — ^^ n 2 _ 1 ^ ) < |?~xyfe^ implies that 7 < 73 . In summary, 
here are the final conditions on q, depending on 7 and possibly on the dimension n : 

(A) l< 7 <7i = l + f and^<i<|. 

(B) 7i<7<72 = ^& and ^<l<^-^. 

(C) 72<7<7conf and < I < ^-^-^ when n > 5. 
When n — 4, we distinguish two subcases : 



72<7<2and^T T <i< 



2(n-l) — 9 — (7-1) (n+1) ' 



2 < 7 < 7conf and ± - < ± < 



2 



2 7(1-1) ^ g — (7-I) (n+1) " 

(D) When n > 6, we distinguish two subcases: 

.7co nf <7<2and 2 ^<i<f±Zz^ ; 

o^^ jl 2 ^ 1 , n+7— 7(n— 1) 

• 2 < 7 < 74 and £ ^-rr < 1 < 777 — tt? rn • 

' 2 7(n— 1) <j 2(7— l)(n+l) 

When n = 5 , we replace 74 by 73 . 

When n = 4, 7oonf < 7 < 7a and | - ^ < \ < 

Let us now examine these cases separately. 
Case (A). In this case, we choose successively g such that 

n— 3 1 ^ 1 



2(n-l) — g 2 ' 

g satisfying (|46|) . and p, p satisfying ( 145]) . Thus, when 1 < 7 < 71 and a > 0, there 
exists always an admissible couple (p, g) such that all conditions (T42|) are satisfied and 

u — 2 V2 qJ' 
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Case (B). In this case, we choose successively g such that 



n— 3 1 <- n+5 



2(n-l) — q — 2(2n7-n-l) 

g satisfying (|46|) . and p, p satisfying (|45j) . and a correspondent g which satisfies (H6|) . 
Thus, when 7i < 7 < 72 and a > — ^t^-n-i) > there exists always an admissible 
couple (p, q) such that all conditions (T4"2l are satisfied and a > ^ (f — -). 
Case (C). Assume first that n > 5. we choose successively g such that 

( AR\ "-3 1 <■ 2 

V^°/ 2(n-l) — <? — (7-I) (n+1) ' 



q satisfying (146]) . and p, p satisfying ( 145]) . 

Assume next that n = 4. If 72 < 7 < 2, we choose g according to fT4"8l) . If 2 < 7 < 7 con f , 
we replace (PfBl) by 



1 2 < 1 < 



2 7(n-l) g — (7-1) (n+1) " 

In both cases, we can choose afterwards g,p,p satisfying f T46|) and ( 145]) . 

In summary, when 72 < 7 < 7 con f and o > rj ^- — , there exists always an admissible 

couple (p, q) such that all conditions (J42J) are satisfied and a > (| — -). 

Case (D). Assume first that n > 6. If 7 con f < 7 < 2, we choose successively g such that 

(AQ\ w-3 <- 1 ^ ra+7-7(n-l) 

2(n-l) — g ^ 2(7-l)(n+l) ' 

g satisfying (T46|) . and p, p satisfying ( H5|) . If 2 < 7 < 74, (|49|) is replaced by 

1 2 ^ l ^ n+7-7(n-l) 

W U J 2 7(n-l) ^ g ^ 2( 7 --l)(n+l) " 

Assume next that n = 5. We choose again g according to fT4Ul) if 7 con f < 7 < 2 and 
according to (1511 if 2 < 7 < 73 . In both cases, we can choose afterwards g, p, p satisfying 
(gSD and gSD. 

Assume eventually that n = 4. Then we choose g according to (|49j) and g, p,p satis- 
fying gSD and gSD. 

In summary, when 7 con f < 7 < 7oo and a > | — , there exists always an admissible 
couple (p, g) such that all conditions fT42|) are satisfied and a > ^^-(o ~~ ~)- 



This concludes the proof of Theorem I7.2[ □ 

Remark 7.3. Notice that, in dimension n = 3, the Strichartz estimates are available in 
the triangle T 3 without the endpoint (see Remark \6. || ). 5y arguing as above, we prove 
that the NLW (|38j) locally well-posed in H a ~2'i x H a ~2~2 if {see Figure 6) 

• 1<7<7i = 2 and cr > ; 

• 2 <7 <7 C onf = 3 and a > C 2 {j) = 1- ;py 5 

3 

2 7-1 



3 < 7 < 73 = ii±p3 and a > C 3 (7) - 3 
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Figure 6. Regularity in dimension n = 3 

Remark 7.4. In dimension n = 2, the Strichartz estimates are available in the region 
T 2 (see Remark \6.5\) . By following again the same line of the above proof, we obtain that 
the NLW f )38|) is locally well-posed in H a ~2~i x if CT ~2>~2 if (see Figure 7) 

• 1 <7 < 2 and a>0 ; 

• 2< 7 <3 and <7> ^(7) = §-§±; 

• 3<7<7 conf = 5 and a> C 2 {l) = f-^zr ! 

• 5<7<7 3 =3 + v / 6 and a>C z ( 1 ) = l-^ l . 




1 2 3 7conf = 5 7 

Figure 7. Regularity in dimension n = 2 

Appendix A 

In this appendix we collect some lemmata in Fourier analysis on M. which are used for 
the kernel analysis in Section H] and in Appendix C. 
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Lemma A.l. Let a be a compactly supported homogeneous symbol on M of order d> — 1 . 
In other words, a is a smooth function on WL* , whose support is bounded in M. and which 
has the following behavior at the origin : 

sup |A| £ - d |^a(A)| < +00 VfGN. 



Then its Fourier transform 

k(x) = / d\a(\)e iXx 
Jo 

is a smooth function on WL, with the following behavior at infinity: 

k(x) = 0(|x| _d_1 ) as \x\^oo. 
More precisely, let N be the smallest integer > d+1. Then 3 C>0, WxEW, 

N 

\k{x)\ < Cl^l^- 1 V sup (l + \\\y- d \d£a{\) \ . 



Proof. Let us split up 



and k = >~2^-oo % accordingly, using a homogeneous dyadic partition of unity 

E+oo 
. XV ■ ) 
j=-oo 

on (0, 00) . Notice that aj hence kj vanishes for j large, since a is compactly supported. 
By the Leibniz formula, we obtain, for every £<EN, 



krl%(:r)| < / d\\d*{ X (2->\)a(\)}\ 

< V* 2~ kj [ d\\X\ d ^ +k < 2 j{1+d ~ e) 
~ ^ k =° J\X\*2i 

Let NeW such that N>d+1. Then 

\k(x)\ < + 1^-^)1 

2i<\x\- 1 2J>|a;|- 1 

< j2 ^ (l+d) + \a~ n ^ (i+d - N) < \x\- d - 1 

2i<\x\- 1 2J>|a;|- 1 



□ 



Lemma A. 2. Let a be an inhomogeneous symbol on R of order d&M.. In other words, 
a is a smooth function on M such that 



sup {l + \\\y- d \dfa{\)\ < +00 VlGN, 

AeK 



32 



JEAN-PHILIPPE ANKER, VITTORIA PIERFELICE, AND MARIA VALLARINO 



Then its Fourier transform 

/+oo 
d\a{\)e iXx 
-oo 

is a smooth function on R* 7 which has the following asymptotic behaviors: 

(i) At infinity, k(x) = 0(\x\~°°). More precisely, for every N> d+1, there exists 
Cn > such that, for every 

1*0*01 < C N \x\- N sup (l + \\\) N - d \d?a(\)\. 

AeR 

(ii) At the origin, 

(0(1) if d<-l, 

k(x) = <0(log^) if d=-l, 
(0(\x\- d - 1 ) if d>-l. 

More precisely : 

o If d<— 1, then there exists C>0 such that, for every x<E~R, 
\k(x)\ < C sup (l + |A|)- rf |a(A) | . 



o If d = — l, then there exists C>0 such that, for every 0<|x|<|, 

\k(x)\ < C log^ {sup (1 + |A|) |a(A)| + sup (1 + |A|) 2 \a'{\) \ } . 
1 1 AeR AeR 

o If d>—\, let N be the smallest integer > d+1. Then there exists C>0 such 
that, for every < \ x\ < 1, 

N 

\k{x)\ < C\x\- d - 1 SU P (l + |A|) £ - rf j a/a(A) j . 



i\x 



(iii) Similar estimates hold for the derivatives 

c+oo 



/+oo 
d\ (i\fa(\)e 
-oo 



which correspond to symbols a^(A) = (i\) e a(X) of order d+i. 

Proof, (i) Since k is the Fourier transform of a, then x N k(x) is the Fourier transform of 
(id\) N a(\), which is 0((l + \\\) d ~ N ) , hence integrable when N>d+1. 
(ii) If d<— 1, we simply estimate: 

/+oo r+oo 

d\\a(X)\ < sup(l + |A|)- d |a(A)| / d\(l + \\\) d . 

-oo AeR J — oo 

If d>— 1, we split up 

/+oo p+oo 
d\ X o(\x\\)a(\)e* Xx + / dX X oo(\x\X)a(X)e iXx , 

-oo J —oo 



-oo J — oo 

N v ' S " 



ko(x) k x> (x) 
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using smooth cut-off functions Xo an d Xoo on [0, +00) such that 1 = Xo + Xoo , Xo = 1 on 
[0, 1] and Xoo = 1 on [2, +00) . The first integral is estimated as above : 



IMaOl < / dX\a(X)\ 

J|A|<2|x|- 1 

r2\x\~ 1 

< 2 sup (1 + |A|)- d |a(A)| / dX(l + X) d 

A6K Jo 

, , s a , / s , I log A if d — — 1 , 

< sup(l + |A|)- d |a(A)| , *N 



1 if d>— 1. 

After N integrations by parts, the second integral becomes 

/+00 
d\(£) N {xoo(\x\\)a(\)}. 
-00 



Hence 



\koo(x)\ < \x\- N [ dX\d?a(X) 

^|A|>|x|-i 



+ Eo<,< J vN" £ / d\\dia(X)\ 



JV-1 



< Id"* 



1 ^sup(l + |A|)^|a(A)|. 



x : 

y AeK 



This concludes the proof of (ii). The proof of (iii) is similar and we omit the details. □ 
Lemma A. 3. Assume that 

a(A) = CXoo(A)A- m ~ 1 -^ + 6(A) 
where m<EN, C^^; an d b is a symbol of order d<— m — 1. Then 



/+00 
dXa(X) (iX) m e 
-00 



m „ iXx 



is a bounded function at the origin. More precisely, there exists C > such that, for 
every 0< |x| < \ , 

\d™k{x) \ < C{l + C 2 +sup(l + |A|)- d |6(A)|}. 

AeR 



34 



JEAN-PHILIPPE ANKER, VITTORIA PIERFELICE, AND MARIA VALLARINO 



Proof. Let us split up 



ki(x) 



k 2 (x) 



/"r r 00 

J dX C X- 1 -^ e iXx +i m ( J dXX- 1 



— 1 — j£ g * Ax 



+ i m ( / dX X oo{X)X- l - iC e iXx +i m / dXX m b{X) 



+00 











The first two terms are estimated by integrations by parts. Specifically, 
kx(x) = iX~^e iXx 



M + x / W dXX~^e iXx , 

A=2 J2 







A= T i T 






with 


X 


< 2 and 








A=2 







dXX-^e iXx 



< |i| , while 



A=+oo 



~F1 



with 



+00 



< Ixl and 



dAA~ 2 ~ lC e iA:c 



< I a; I . The last two terms are 



easy to estimate. Obviously |fcs(a;)| < 1, while 
|Jfe 4 (x)| < sup (l + |A|)- d |6(A)| 



tZA(l+|A|)' 



< +00 



We conclude by summing up these four estimates. 

Appendix B 



□ 



In this appendix we collect some properties of the Riesz distributions. We refer to [14, 
ch. 1, § 3 & ch. 2, § 2] or [201 cri - III, § 3.2] for more details. The Riesz distribution 
is defined by 

r+00 

(51) (R+,tp) = ffo / dXX^cp(X) 

when Rez>0. It extends to a holomorphic family {R^} z eC of tempered distributions 
on K which satisfy the following properties : 

(i) XRt = zR+ +1 V26C, 

(ii) (&)R+ = Rti V^C, 

(iii) Rq = 5 and more generally R^ m = (^) m ^o VmeN, 

(iv) R+=R+*R+ Vv'eC. 
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Hence 

IVf+ ,n\ — /fd_\mj}+ ,„\ _ 

T(z+m) 

when Re2>— m. The Riesz distribution R~ = {Rt) v is defined similarly. Their Fourier 
transforms are given by 

(v) FR± = e ±i ^ z (x±i®Y z VzGC, 

where 

((x±iO) z , <f) = lim £ \ j0 / dx (x±ie) z if(x) 

Jr 

when Kez>— 1 and 

(x±iO) z = T(z + l){R+ +1 + e^ z R- +1 } 
in general (notice that there are actually no singularities in the last expression). 

Appendix C 

In this appendix we prove the local kernel estimates 

Itl -11 ^ if n > 3 

\t\~Ul-loe-\t\) if n = 2 



(52) |<(r) 



< 



stated in Theorem I4.21 i.a under the assumptions 0<|£|<2, 0<r<3 and Recr = ! ^p-. By 
symmetry, we may assume again that t>0. 



Case 1 : Assume that r < | . 



By using the first integral representation of the spherical functions in ^j, we obtain 

r(-ilm cr) 



where 

a(X) = |c(A)|- 2 A- T (A 2 +p 2 )§-f . 
According to Lemma A. 2 in Appendix A, since Xoo a is a symbol of order ! ^ and 

\t-E(a r k) \ > t-r > |, 

the inner integral in f )53|) is 

0(|ant-H(a_ r .A;)|-V) = 0(1^*-^), 
where iV is the smallest integer > Hence 

• Case 2 : Assume that |<r<t. 

By using the third integral formula for spherical functions in (J5J), we are lead to estimate 
the expression 

/+r /■ oo 

du (cosh r- cosh u)^ J rfAxoo(A)a(A)e iA( *- M) . 
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Let us expand 

|c(A)|- 2 \- T (A 2 +p 2 )^ = const. A^- iIm<T + O(HA^) , 
as A— i-+oo, and 5(a) 



72,-3 



o(A) = const. A^~ iIm<T + &(A) 
accordingly. Since Xoo b is a symbol of order , its contribution to (|5^|) can be estimated 
by 

/ + r n-3 n-3 

du (cosh r — cosh u) (t—u)~ . 
■r 

Here we have applied again Lemma A. 2 and N is the smallest integer > t± y~ ■ By using 
sinh r x r , 

cosh r— cosh u = 2 sinh sinh x (r—u) (r+u) , 
t—u > r — u , 

we end up with the estimate 

du(r+u) !1 ^~ < \a\ N r~ ,jL ?~ x \a\ N . 

-r 

Notice that the previous computations are valid in dimension n>3. In dimension n = 3, 
the last estimate becomes \a\ 2 (1 — logt) while, in dimension n — 2, (|55|) is replaced by 

/+r p+r 
du , I I / du , | | 
V cosh r— cosh u ' ' / \fr' 2 — u 2 ' ' 
■r J — r 



Similarly 



2 



d\ xo(A)a(A)e iA( *- u) 



yields a bounded contribution to (1541) . Let us eventually analyze the remaining contri- 
bution of 



(56) / tZAAV-^'e'M*-*) 



-oo 

n — 3 



which is a classical distribution. According to the properties of the Riesz distributions 
f l5Tj) in Appendix B, we have indeed 

p+oo 

/ dX Ax- iIm 'e iA M = r(^-zlmo-) e f ImCT + i f (t-w)- :i f i + iImCT 
and it remains for us to estimate the expression 

( 5T ) ^feiy (sinhr) 2 -" f + du (cosh r - cosh n) 1 ^ (t-u)" V+' Im - . 

In order to do so, we discuss separately the odd and even-dimensional cases, 
o Subcase 2. a: Assume that n=2m+l is odd. 
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After m—1 integrations by parts, (157)1 becomes 

du (t—u)~ 1+llma a ji u ) (cosh r — cosh u) m ~ J ' -1 , 

where aj(u) is a linear combination of monomials (sinhw)^ (coshw)^ with > 0, 

j' + j" = j and f > 2 j + 1 — m. In particular a m _i(tt) = (m — 1)! (sinh«) m_1 . After one 
more integration by parts, we get 

(m-1)! (sinhr)- m {(t-r) iIm,T + (-l) m (t+r) iImCT } + 



du (t — u) tlma a,j (u) (cosh r — cosh 



u )m-i-l 



where Oj(tt) = O(r max 'f ' 2j_ " 1 ^) and coshr — cosh m = 2 sinh sinh = 0(r 2 ), hence 

the last sum is 0(r m ~ 2 ) and the last integral is 0(r m_1 ). Notice that these terms vanish 

when m— 1. Thus (1571) is 0(r _m ) = O^ -2 ^ ), when n = 2m + l is odd. 

o Subcase 2.b : Assume that n = 2m is even. 

After m — 1 integrations by parts, (1571) becomes this time 

(58) ^fJ/ilT^ (sinhr) 2 " 2m / du (t-u)-^ +ilma a 3 -(u) (coshr- coshM) m --H , 

where a m _i( , u) = r ^_ 2 ^ (sinh^) m_1 and the other aj(w) are as before. Since 

r 4F^4 = o(M*), 

T(— lime) \ I I / ' 

^(u) (coshr- coshM) m - j -i = 0(r m ~ 2 ) Vl<j<m-2, 



(t— «)~2 x x a/T, 

•r 



the m — 2 first terms in (158|) are O ( £ 2 ) . Let us turn to the last term 

V¥ r(-ilm<r) l blml/ J 
(59) r+r 

x / (i-u (t—-u) _ 2 +lImCT (sinh-u) m_1 (coshr— coshw)~2 , 
which is obtained by taking j—m—1 in ( )58|) . Let us split the integral in (159|) as follows : 

/r p0 p2r—t rr 

= + + / ' 

■r J-r JO J 2r-t 

Notice that our current assumption |<r<£ implies that 0<2r — t<r. Since 
cosh r — cosh u = 2 sinh sinh x (r—u)(r+u), 



the contribution to (159|) of the first integral in (I60|) can be estimated by 



|a|f rf rf" m / -J2L- x H5* - V 
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and the contribution to (1591) of the last integral in (1601) by 



Icrl 2 (t— r) 2 r2 m , du x Icrl 2 1 n 2 

i i \ / i \Jr — u ' 



We handle the remaining integral by performing the change of variables 
and by integrating by parts 



t — u U t j, 



A(r,u) 

^ ^ 

2r-t 



r r(-?im^ J " du (t-u)-z +iha,r (r-u)-* (^jp) 5 (sinh (sinhw)" 1 - 1 



i /"I 



r 



- r(i-iw) (t-r)™*** j* dv v -^a {1 _ v) -i t _hr) 

All resulting expressions are , since 

rf-S =Q(H"'). ^(r,«) = 0(t m -f) and «9 2 A(r, u) = 0(t m -§) . 

Thus (J59D and hence (EE]), (JSZD are O (|<t|s r 2 ^) . 

As a conclusion, we have obtained the following estimate in all dimensions n > 2 : 

\wf(r)\ < t^ 2 ^ 1 when |<r<t. 



• Case 3: Assume that r>t. 

In this case we estimate Wf(r) using the inverse Abel transform. More precisely, we apply 
the inversion formulae (1131) and (1141) to the Euclidean Fourier transform 

2 r +co 

= fpb) J ^Xoo(A)|c(A)|- 2 A-(A 2 +p 2 )^e^cosAr. 

o Subcase 3. a: Assume that n=2m+l is odd. 
Then, up to a multiplicative constant, 

Let us expand 1 

- 1 sinn r r 

(61) (i*r=E £ >°W(^) £ 
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and furthermore 

(62) (J*)' = EL** rM< (*)* 

The coefficients in ( )62|) are constants, while the coefficients a°(r) in (IBTl) are smooth 
functions on R, which are linear combinations of products 

( sinh r) ^ (r9r) ( sinh r) ^ ^ (r9r) ( sinh r ) 

with £ 2 + • • • +d = ^ — Consider first 

(63) J i r d\x o(X)X- r (X 2 +p a ) x ^e i * x {^) t c BXr. 



Since Xoo(A)A T (A 2 + p 2 ) 2 e* tA = 0(A 771 x ) according to the assumption Rea = m+1 
and (-£) cosAr = 0(A 2£ ) by Taylor's formula, the expression ( 163|) is 

0(1) ifl<£<f, 
O(logi) if£=f, 
0(r m - 2e ) if f <£<m, 

hence 0(r~ m ) in all cases. Consider next 

2 /"+°° , 
(64) rrk^J 6 ^A-(A 2 +p a )^r^(&)V< to >\ 

r 

Since (|:)V (fctr)A = (±zA)V (i±r)A and 

A T (A 2 + p 2 )^ (±*A) fc e i( ' ±r)A = 0(A fc ~ m - 1 ) , 

the expression fl64l) is easily seen to be 0(r m_2 ^) as long as k<m. For the remaining 
case, where k = £ = m, let us expand 



A- T (A 2 + p 2 )^A m = A- 1 -* 11 ™ (l+|r)' 2 ~ = A- 1 - lImCT + 0(|a|A- 3 ) 
and split 



r — <T 



+00 ~ 6 ' 1 



+ 



in f[64j) . On the one hand, the resulting integrals 



(65) I±= e^ dXX -l-iI m * e i { t±r)X 



6 + ^_ 

r~ r±t 



r(-ilmo-) 

and 

(66) n± = "7 v / dA A- 1 - iImCT e^* ±r ) A 



r(— i Im cr) 

are uniformly bounded. This is proved by integrations by parts : 
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0(1) 



j e CT \ — ilm a „ i(tztr) X 

^ r(l— timer) 



A=2 + -L- 



^fra^o/^^AA^-e^^ = 0(1). 



while 



O(rit) 

A 



2 A = +oo 

JJ ± = T i e ; 1 A -1-»W »(fcfcr)A 

^ 1 r( — timer) r±i 



A="+-b 



T^^^f^ / ^AA-— e^= 0(1). 



r rit 



0(r±t) 

Hence the contributions of ( lt3or) and ( 16 6 p to ( I64p are 0(r~ m ). On the other hand, the 
remainder's contribution to flM|) is obviously 0(r 2_m ). As a conclusion, 

n — 1 

I w?°(r < r~ m < r — 

I i V / I rs_/ f-Nj 

when n = 2m+l is odd. 

o Subcase 3.b : Assume that n = 2m is even > 4. 
Then, up to a multiplicative constant, 

~ ct2 f + °° h 1 9 m ~ 

(^) r(— ilm a) I ^ Vcoshs— coshr (sinhs ds) 9t ( S ) 
J r 

Let us split 

r+oo f 6 /"+oo 

(68) / = / + 



6 

The following estimate is obtained by resuming the proof of Theorem I4.2l i.b in the 
odd-dimensional case : 

I ( i 9 -\ m gf( s )\ < e- ms Vs>6. 



Since 



sinh s ds > 



X) r+oo ^ 

^ V cosh s— cosh r ^ ~ / V sinh u ^ "^OO , 

6 ./ 



the contribution to (16"T|) of the second integral in (16"8"j) is uniformly bounded. Thus we 
are left with the contribution of the first integral, which is a purely local estimate. 

Lemma C.l Let m be an integer > 2 and let A>1, r<3. 
(i) Assume that Ar<6. Then 

r 6 

9(X,r)= / ds , ° inhs . M-#) cos As 

v ' ' / Vcosh s - cosh r V sinh s ds I 

J r 
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is 0(A 2m 1 £ r £ ) , for every e>0. 
(ii) Assume that Xr> 6 . Then 



r 6 

6 ± (X,r)= / ds . t nhs v (-it #) m e ±iXl 

v ' ' / V cosh s - cosh r V smh s ds J 

J r 



has the following behavior : 

6 ± (X,r) = c ± A m "5 (sinhr)5- m e ±iAr + 0(A m - 1 r~ m ) 
where c± is a nonzero complex constant. 
Proof. We first prove (i). Recall that 



(ab*H«»A*) 



0(X 2m ) if As<6, 
0(A m s" m ) if Xs>6, 



hence (-^f ) m (cos As) = 0(A 2m - 1 - £ «- 1 - £ ) in both cases. By combining this estimate 
with 

sinh s x s , and cosh s — cosh r x s 2 — r 2 , 
and by performing an elementary change of variables, we reach our conclusion : 

ds S - £ (s 2 -r 2 y^ < \2m-l-e r -e j ds S~ £ ( S 2 . 



<+oo 



We next prove (ii). Recall that 

(i£)> ±iAs ) = mr^ xs +o(x^ s -^) 

The remainder's contribution to 9 ± (X,r) is estimated as above: 



6 

ds , h sinhs t \m-l s -m-l < A m-1 / ds fi -m ( fi 2 _ r 2)-± < A m-1 r ~m 
V cosh s — cosh r ~ / ~ 



In order to handle the contribution of ( ^J "^'^ to ^ ± (A,r), let us perform the 
change of variables s = r(l+u), so that 



/ ds = r du , 
J r Jo 



and let us expand 



2 sinh ^ sinh £±1 



(cosh s — coshr) 2(sinhs) 1 m e ±tXs 



2 
v 



r(l+§) ; V r(l+«) 

v ' V 

A(r,u) B(u) 
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Notice that the expressions A(r,u) and B{u) can be expanded as follows: 

v+oo 



(69) A(r,u) = (si^)l-^ + M r ) ( ru ) j > 





. 1: r.n ) 



1 V \+OG r. 1 

(70) B(u) = u"3 + 2j-_i B j u3 ~ for M small > 



v 



B(u) 

(71) B(u) = V2u~ m + > Bfu^-" 1 for u large. 

Using these behaviors and integrating by parts, we can estimate 

/ e ±jAr " A(r, u) S(u) = e±iA ™ A ( r > M ) ' 

/ due^£{A(r,u)B(u)} 
Jo 

by O(^). The integrals 

J due ±lXru B(u) and y" du e ±iXru B(u) 
are estimated similarly. In summary, we showed that 

± (X,r) = {±i) m X m (sinhr)5-"V5 e ±iAr / du e ±iXru + O^X™^^ 1 ) 

Jo 

and we conclude by using the behavior of the elementary integral 

/• 1 r+oo 

/ due ±iXru u~^ = A-5 r -3 / rf Me ±lu M-5 + 0(A- 1 r" 1 ). 
Jo Jo 



V 

constant 



□ 



From now on, the discussion of Subcase 3.b is similar to Subcase 3. a. On the one hand, 
we deduce from Lemma C.l.i that 



d\ Xoo(A) A~ r (A 2 +p 2 )^ e ltx 0(A,r) = 0{r2~ m ) . 
On the other hand, by expanding 

A- T (A 2 +p 2 ) z t 2 = A- CT (l + g)^ = A- m -|-' tImCT + 0(|cr|A- m -t) VA>2 

and 9 ± (\,r) according to Lemma C.l.ii, we have 

2 r +co 

fr ^ J J 6 dX Xoo(X) X~ r (A 2 +p 2 )^ e«* 9±(X, r) 

r 

= c± (I±+n±) (sinhr)5" m + 0(A~ m ) , 
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where I± and II ± denote the integrals (|65i) and (|66|) . which are uniformly bounded and 
whose sum is equal to 

o r+oo 



r(-ilmcr) 

As a conclusion, we obtain again 

1 n—l 

I wf(r)\ < r~ m < t — - . 

Remark C.2. The analysis above still holds in dimension n = 2, except for the first 
estimate in Lemma C.l, which is replaced by 

0(A,r) = O(Alogf). 

As a result, 

\wf(r)\ < \t\~Hl-log\t\) . 

Remark C.3. In order to estimate the wave kernel for small time, we might have used 
the Hadamard parametrix [2TJ § 17.4] instead of spherical analysis. 
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